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Generalized Digital Redesign Method for Linear
Feedback System Based on N-Delay Control
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Abstract—A new digital redesign method is proposed for did not assure the closed-loop stability, because approxima-
feedback control systems, by which the states in the continuous- tions were assumed for obtaining solutions of the digital
time system are completely reserved in the redesigned Sampled'redesign (see Section I1). In [4], the feedforward and feedback

data system. The features of the proposed method are: 1) the . . .
N-delay control is employed, and theth plant input is changed ;  9&iNs are altered at every sampling period, so that the states

times during one sampling period; 2) the states of the redesigned Of the two systems match at the end &fsampling periods.
sampled-data system completely match those of the original The method in [4] is similar to the proposed method only in
continuous-time closed-loop system at every sampling period; and some special cases. However, the number of times of gain

3) the proposed redesign method can be applicable for a static ; ;
state-feedback and/or a dynamic controller. An illustrative exam- alternation,, is redundant compared to the proposed method

ple of position control using a dc servo motor is presented. The N this paper. _ _ . .
advantages of the proposed redesign approach are demonstrated The method in [1] was further investigated in [5], and a

both in the time and frequency domains. different approximation was proposed for obtaining a solution
Index Terms—Digital control, digital redesign, multirate sam- of the digital redesign, in which the closed-loop stability was
pling control, N-delay control. maintained. However, the transition matrices of the original

and approximately redesigned systems are not the same.
Furthermore, the methods in [1]-[5] have a limitation, in that
the original continuous-time controller must be of static state-
WING TO THE recent developments in computer anteedback type and all of the plant state variables must be
interface hardware, digital controllers are usually utilizegirectly detected.
for controlling robots or motors because of cost, reliability, The other digital redesign methods for a dynamic controller
flexibility, compactness, and so on. were developed in [6]-[8]. These methods tried to match
The digital redesign is a technique by which an analagosed-loop frequency response approximately. However, be-
controller designed in continuous time is converted to ause of using these approximations, the closed-loop stability
equivalent digital controller [1]. It is, in general, very difficultcould not be assured [6], [7], or the solution of the digital
to |et the Stat-es of the dlgltal SyStem match those of the Origir}ébesign could not be obtained in a |arge Samp“ng period [8]
continuous-time system. Multirate digital controls have been proposed for applica-
Historically, one of the most popular digital redesign methions on the pole/zero assignment problem, strong stabilization,
ods is the Tustin (or bilinear) transformation, in which agjmuyltaneous stabilization, adaptive control, and so on [9].
s-domain analog controller is transformed to zadomain However, this paper makes the first attempt to apply the

I. INTRODUCTION

digital controller by multirate digital control to the digital redesign problem.
2(z— 1) The purpose of the proposed method is to develop a new
§= m (1) digital controller from the analog controller so that all of

the states of the sampled-data closed-loop system completely
This approach is straightforward, and the stable poles of thfytch those of the original continuous-time closed-loop sys-
controller in thes-domain are mapped inside of the unit circlgem at every sampling instance. Thus, the stability of the
in the 2-domain. However, the closed-loop stability is nNogjosed-loop system is retained, and the transition matrices of
assured. Therefore, in this approach, the feedback system maytwo systems become identical. In the proposed method, the
become unstable if the sampling time is set too large.  muyltirate-input digital control is employed, and tét plant

In [1]-[3], the c!igital redesign methods based on the closeﬁi,-put is changedV; times during one sampling period [10].

loop characteristics were developed. However, these attempiSerences [11] and [12] called this method N-delay control,
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Fig. 1. Continuous-time state-feedback control system. (7.
ck

Fig. 3. Continuous-time control system.
uli] 2. 0. |u®)|a(t) = Aa(t) +bou(t) | y(t)

+ Hold

ylt) = cex(t) existence off(7) in (8), however, is not always guaranteed,

T a(t) because the dimension of the input is generally less than that of
£ z[i] (\ the state. Therefore, in [1] and [2], (8) is approximately solved
Sampler for f(T), but, because of the approximation, the stability of the

obtained digital closed-loop system is not always assured, and
the time response is different from that of the continuous-time
feedback system.

Fig. 2. Discrete-time state-feedback control system.

state-feedback controller and a dynamic controller.
IIl. DIGITAL REDESIGN BY N-DELAY CONTROL

Il. PROBLEM OF DIGITAL REDESIGN In this section, a new digital redesign method by the
BY COMPLETE STATE MATCHING N-delay input control is presented, in which tiih plant
In this section, we consider the problem of matching theput is changedV; times during one sampling period. The
responses of an existing continuous-time system shown introduction of the N-delay input control causes the increase
Fig. 1, with those of the discrete-time system shown in Fig.@ the input dimension, thus, (8) can be solved without any
for the same initial conditions. Consider the linear continuougpproximation. Moreover, the proposed method is applicable

time system described by either to a continuous-time dynamic controller or a static
. state-feedback controller. The proposed method succeeds in
&(t) = Aca(t) + beu(t). (2)  this generalization by the introduction of: 1) the closed-loop

augmented system consisting of the plant and the dynamic

Also, let the continuous-time state-feedback control law be 4
controller and 2) the N-delay input control.

w(t) = f.x(t). (3) Consider the continuous-time plant described by
The continuous-time closed-loop system becomes Eep(t) = Acp®ep(t) + Beptiop(t) 9)
i(t) = (A +b.f.)a(t) (4) Yep(t) = Copip(1) (10)

where the plant state., € R"?, the plant inputu., € R™,
and the plant outpuy,., € R"™. As shown in Fig. 3, let
z((i + 1)T) = eAF0TIT (5T, (5) the continuous-time control law using a state-feedback and/or

. . . I namic controller be
Consider the discrete-time system utilizing a zero-order ho?(y

described by Uep(t) = Feptop(t) + Gepy (1) (11)

and its sampled-data system with the sampling pefiad

z[i + 1] = Ax[i] + bu[i] (6) where the dynamic controller's outpwt., € RF:. Let the

) ) dynamic controllerK (s) be represented by
where zfi] = z(iT),A = AT andb = [T A drb,.

Letting the discrete-time state-feedback control lawbi = Eek(t) = Acken(t) + Beruen () (12)
f(T)zli], the discrete-time closed-loop system becomes Yo (t) = Coper(t) + Deptaer(t) (13)
i+ 1] = (A+bf(T))x[d]. (7) where the dynamic controller’s staige;, € R"™*, input u.; €

From (5) and (7), the digital redesign problem is to find thléZ - Let the controller's input be given by

discrete-time gainf(7") from the continuous-time gaifi, so e (1) = FopZop(t) + Gur(t) (14)

that the equation ) o . .
where the reference inpute R™" is piecewise constant, i.e.,

A+ bf(T) = ActbS)T (8) () = (i) for T < t< (i + 1)T. From (9) to (14), the
ontinuous-time closed-loop augmented system consisting of

is satisfied. If the above condition is satisfied, the states of e, plant and the dynamic controller is represented by

digitally controlled system in (7) completely match those of the ‘ - B
continuous-time system in (5) at every sampling peffodhe Z.(t) = AZ.(t) + B.r(t) (15)
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e ali ] In the case of the single-input platt:, = 1), this index
< T ! : o Lo is simply the same number as the plant order = n,).
zfi] : ! Coouan,[f] o . .

/ Cun[i] | — | The above definition includes that of Kronecker invariants or
< A ; | ! controllability indexes defined in [10].

i) WA M} The discrete-time plant using N-delay input control is given

i ("-H/i]”' (f+;/1z>T : ;/4‘/‘1(‘\‘\—1‘/)1" i [+ 1] A [] +§P:§l:b [] (23)

I I : I Zipl|? = AypEyp|t 15U |

T ()T (it pyn-0)T 0+ )T d e =1 j=1 o

Fig. 4. N-delay input control. . .
9 y e wherez g, € R" is the plant statey,;;[:] € R is thelth plant

input for (¢ + pyj—1)T <t <(i+ )T (=1, ,myp, j =

where 1,---,N), and
Z é —Acp + Bchcp + BchchckFck BchcpCck A A AT
¢ BckFck Ack dp = €
- A (I=pg-)T
B é Bchchcchk blj = / CACPTbcl d’f’, (24)
¢ L Bcchk (1=pu;)T
AT 0= puo <prir <prgz <+ <pn, = 1. (25)
z. = ;P} (16) l
| ck

As shown in Fig. 5, let the dynamics of the discrete-time
and the sampled-data system for the sampling pefiod controller be

becomes . . : ;
B B it + 1] = Lixap[i] + Loz ar[d] + Lar([i] (26)
Z((t+1)T) = Az.(iT) + Br(iT) a7 _ _ _
where the discrete-time dynamic controller’s stajge € R"*.
where Let the discrete-time control law be
Ny N
42 AT A p [én ém] (18) wi;[i] = fi;®aplt] + g1;%anli] + hoyri]. (27)
M | Ay Az From (23) to (27), the discrete-time closed-loop augmented
My system is represented by
B2 [ A a™[B 19 = =
=y B = al (19) Fali + 1] = AgZali] + Barli] (28)
The redesigned digital control system is required for the exakfere
matching of the state®. at every sampling instant. In the N- _ A Ay, +BF BG
delay control, théth (I = 1,2, ---,m,) plant input is changed A = L, L,
N; times during one sampling period, as shown in Fig. 4. BH A [z
(Ni,---,N,,) are referred to as input multiplicities [10]. The Ba = [L } Ty = Ldp} (29)
selections of theV; are made by the following condition: 8 o
= [bllv"'7b1N17b217"'7b7np]\7mp] (anN)
Nz o (20) A T T T T T
i - F = [fllv"'7f1vaf217"'7frnmep] (N X nyp)
where (01,---,0.,,) are a set of generalized controllability A - . .
indexes of( A.,,, B..,) which are introduced by authors of [14], G = [911, 91N, 921 7!}mmep] (N x ny)
and which are defined as follows. A T 3T T T T
Definition 1:  Generalized controllability indexes of H = [hiy, s by by ’hmp’\"vnp] (N x m)

12

(Acp, B.p) are defined as follows. If(A.,, Bgy) is a N

. . X N1+N2+"'+Nrn,p2np-
controllable pair,n, linearly independent vectors can be

selected from Comparing (17) and (28), if the following conditions are
N satisfied, the states of the digitally controlled syst€m)
{ber, -+ bem,,, Acpber, -+ Acpbem, -+ Agp ™ bem, } completely match the states of the continuous-time system
where B, = [b.1,---,b.m,]. Letting ¢ be a set of these, (za) at every sampling period:
vectors,o; are defined by A, A B [AderBF BG} 0
o =number {k| A}, 'be € ¢} (21) Ay Ags L, L,

nlp P
S or=n,. 22) [El ] - ﬁf } . 31)
=1 2
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Here, the necessary and sufficient condition for solution of ti#@. 6. Continuous-time observer.
linear matrix equatior{Az = b) is

rank A = rank [A, 8], (32) IV. DIGITAL REDESIGN FOROBSERVER
Because the redesigned control laws obtained in Section Il

Therefore, the necessary and sufficient conditions for tRE€ State-feedback control, as shown in (26) and (27), all states

existence ofF, G, H in (30) and (31) are given by need to be detected directly. However, in the general case,
all states are not always detected directly, and the calculation
rank B =rank [B, A;; — Ag) time delay may not be negligible. Therefore, in this section,

the discrete-time state observer is considered to feed back the
estimated plant state[:] instead of the plant statelé].
In this section, the digital redesign method for the state

Concerning the matrixB, the next theorem is proved in L : N
. : ) . observer which is based on the multirate-output sampling is
[14], if o, is the generalized controllability index. In the case . h litv of th ) hod for th
of the controllability index, it is also proved in [10]. proposed by using the duality of the redesign method for the

) : controller.
. Theorem 1_.!__et (ACP.’BCP) be a controllable pair. If the Consider the designed continuous-time observer shown in
input multiplicities satisfyN; > o; for (I = 1,2,---,m,,),

for almost alljug; (I = 1,2, my,j = 1,---, N, — 1) and Fig. 6 for the continuous-time plant (9) described by

almost all7, the matrix B has full row rank, i.e., Fep(t) = Acpep(t) + Bopticp(t) + Kep(y,, — Coptep(t))
(36)

=rank [B, A;5] = rank [B, By]. (33)

rank B = n,,. (34)
where the estimated plant statezis,. Because the estimation
Because of this theorem, the row radkin (33) is full, error of the continuous-time statg, becomes
thus, (33) is satisfied. As a result, the existencd o7, H in . . 4
(30) and (31) is assured. Solving (30) and (31), the redesigned Cep(t) =ep(t) — Fep(t)
parameters are given by = (Acp — KepCop)ecy(t). (37)

— The sampled-data system for the sampling pefioi repre-
F=B (A, - Ay) p y pling p p

G BA sented by
— 12
H-BB, eop(i -+ DI) = A=Kl (i), (38)
L =4y In the proposed method, the multirate-output sampling control
L.—4 is employed, in which thejth plant output is detected/,
2 22 . . . . . .
_ times during one sampling period, as shown in Fig. 7, and
Lz =B (35)  the discrete-time estimation errofgy,) completely match
. _ ) the continuous-time estimation errdis.,,) at every sampling
where B is the generalized inverse of matr [15]. period. This period is also called the frame period [17]. This

Comments:1) if (Acp, B,) is a controllable pair, the sys-conirol is a duality scheme of the N-delay input control, and
tem, which is controlled by either a continuous-time dynamigis giso called the M-delay output control. The selections of

controller or a static state-feedback controller, can be alwaygyut multiplicities), are made by the following condition.:
redesigned in this method; 2) if the original continuous-time

system is stably designed, the redesigned system is assured My > py (39)
Fo be_ stable because the two transition matrlges (30) becomﬁaere (p1,---.p,.) are a set of generalized observability
identical. Moreover, (30) can guarantee the intersample leéx »

- _ : dexes of(A.,,C.,,) which are defined as follows.
bility [16]; and 3) the states of the redesigned sampled-da efinition 2: Generalized observability indexes of

system completely match those of the original continuous-tin‘d%C C.,) are defined as follows. If(A,,,C.,) is an
closed-loop system at every sampling period, independento%sfgw;fk’)le pair,n, linearly indepeﬁdent CI\);ectcgrs can be
sampling period. Therefore, the proposed method is superior_{ nr

. ) ) s€lected from
the conventional method, such as Tustin transformation, ang

other methods [1]-[8]. {eet, s Copy s CrAep, - Cop, Acp -+, Cop, Az}
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Fig. 7. M-delay output control.
whereC., = [c];,- : - ¢, |7 Letting ¢ be a set of these,
vectors, p, are defined by
pq =number {k|cc,1Afp_ ey} (40)
Pp
Z Pq ="Np. (42)
q=1

105

7
e
Fig. 8. The position control with the disturbance observer.
where
K 2 [k kin, K k M
= ki, -, 1My, K21, -, pp]pr] (an )
AT T T T T
¢ = [Cllv"'7011\4170217"'7cpp1\lpp] (MXTLP)
MIM1+M2+~“+MPP2TLP. (48)

The discrete-time plant using N-delay input control an@omparing (38) and (47), if the following condition is satis-

M-delay output control is given by

mp Ny
Il,'dp[i + 1] = Adpl'dp[i] + Z Z bljulj [L] (42)
=1 j=1
mp Ny
yarli] = caaaplil + Y Y dgajuli]  (43)
=1 j=1
where
A AcpvgrT
Cqk = Coqe?"e (44)

(vgr—teiG—1))T
iy <Vgk:  Coq
(wqr—m;)T

(vgr—puG—1))T A
pai—1) <Vgk < juye ch/ eterThe dr
0

Vak < Hi(j—1)- 0,
0 < <vge< -+ <y, <1

eerTh dr

112

Agri;

(45)

andy,;, € R* is thegth plant output ort = (i 4 )T (¢ =
1,2, pp k= 1,2,--+, M,).

Using the intersampling outputg, let the discrete-time
observer be

Zaplt + 1]
my, N pp My
= Agpaplil + )Y byuglil +D Y
=1 j=1 g=1 k=1
Tn/p ]\Tl
kg yarlil — | epaplil + D> dgajuili]
=1 j=1

(46)

where the state of the discrete-time obsetigr € R"». The
estimation error of the discrete-time statg is represented by

edp[i + 1] IIdp[i + 1] — :i'dp[L + 1]

= (Aap — KC)eyy[i] (47)

fied, the estimation errors of the continuous-time staées)
completely match those of the discrete-time stdieg,) at
every sampling period:

C(ACD_KCDCC’P)T — Adp — KC (49)
From (32), the necessary and sufficient condition for the
existence ofK in (49) is given by

C

rank C' = rank _ (A KoyCop)T |- (50)

Agp
Concerning the matrig’, the next theorem is proved in [14],
if p, is the generalized observability controllability index. In
the case of the observability index, it is also proved in [17].
Theorem 2:Let (A.,,C.,) be an observable pair. If the
output multiplicities satisfyM, > p, for (¢ = 1,2,---,p,),
for almost all vy, (k = 1,---,M,) and almost allT’, the
matrix C has full column rank, i.e.,
rank C = ny,. (51)
Because of this theorem, the column ra@ikn (50) is full,
thus, (50) is satisfied. As a result, the existenc&ah (49) is
assured. Solving (49), the redesigned parameters are given by
K = (Ay, — (A KaCo)Tyom, (52)
In this section, only the redesign method for a full-order
observer was presented. However, a minimum-order observer
can also be redesigned the same way as above [14].

V. ILLUSTRATIVE EXAMPLE

A. Digital Redesign of a Position Control System for a
DC Servo Motor with the Disturbance Observer

In this section, simulation and experimental results for
a position control system for a dc servo motor with the
disturbance observer are presented, as shown in Fig. 8.
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Fig. 9. Simulation results. (a) Position responé&s = 0.2 [ms]). (b) Position responsed:, = 8 [ms]). (c) Control input responsed’, = 8 [ms]).

In the experiments, a digital signal processor (DSP) (NE@iput r to be a step-function type, the continuous-time control
uPD77230, 32-b floating point) is used, and the 1/100 gedaw is given by
ratio dc servo motor is driven by a 10-kHz switching fre- oy = K (r — 0) — Kaw + 1
guency MOSFET chopper. The pulse counter generates 1000 P P ¢ K,
pulses/rev on the motor shaft (it becomes 100000 pulses/rev =fepEep + Gepr (54)
on the geared shaft), and the speed is detected through a 1g2nare foo = [FKp—Ka, (1K) 9ep = Kpiioy =
A/D converter by a tachometer [18]. [0, w,d]T. As shown in Fig. 8, the continuous-time disturbance
In the design of the continuous-time controller, assuminghserver is also given by
that the disturbance torquegis a step-function type, the plant
is represented by

d

Do(t) = Acte(t) + Bew(t) + Jouep(t)
d(t) =ie(t) + Lw(t) (55)

xcp(t) :Acp-":cp(t) + bcpucp(t) Whereflc = —We, Ec = _anc + anz, jc = anca and We

0 1 0 is the cutoff frequency of the low-pass filter.
B 1 The nominal values of the plant constants afg =
Ap =10 —— -~ 0.0730[kg - m?], B,, = 3.26[kg - m?/s], K,, = 0.388[N -m/V].
0 0 0 Also, the continuous-time control parameters &g =
" 891, Ky = —4.99, w. = 300[rad/s].
First, the control law (54) is redesigned. Although
bep = K (A.p, B.p) in (53) is not controllable, the conditions in (33)
J are satisfied for input multiplicityvV; = 2. From (35), the
L0 redesigned control laws fof’ = 0.4[ms],;; = 0.5 are
K obtained, as follows:
Tep = |W (53) )
| d unli]]  [-334 338 257 9[?] 3347 .
_ o _ _ [uu[fzﬂ = [—33.6 3.34 2.57} wlhil | + [33.6%‘1'
wheref is angular positionw is angular velocity, and., is di]

the dc voltage of the motor terminal. Assuming the command
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Fig. 10. Experiment results. (a) Position respongEs = 0.2 [ms]). (b) Fig. 11. Frequency responses. (a) Command respdiisgs). (b) Distur-
Position response§l’, = 8 [mss]). bance responsed7,q).

Second, the disturbance observer in (55) is redesigned Pr¥8posed ”_‘eth"d gIves better performance th_an the Tustin
same way as in Section IV. FGF = 0.4 [ms], i1 = 0.5, the transformation. While the responses of the Tustin transforma-

discrete-time observer is obtained [14] by tion are unstable, thosg of the proposed method are stable, and
exactly match the continuous-time responses.
. g A A ) A ) The simulated time responses of the control input are shown
g +A1] = Adqbali] + Bawld] + Jiuaa [i] + Szl in Fig. 9(c), which indicates that the control input of the
d[i] =bali] + lawl[i] (56) proposed method is smooth in spite of using two-delay control.

wherely = —20.8, Ay = 0.887,B; = 1.99.J;; = 2.12 x C. Frequency Responses of the Closed-Loop Systems

-2 7 -2 .
1077, andJip = 2.21 x 107, The frequency responses from the command igputo the

plant state(#) are shown in Fig. 11(a). In the wide frequency
B. Simulations and Experiments band lower than the Nyquist frequency, the discrete-time

Because the redesign system uses the two-delay input cEisPOnse redesigned by the proposed meftiod(z]) matches
trol, the output sampling periof” is twice as long as the the continuous-time respon$€,,.(s)). That is guaranteed by
input sampling periodZ’,. In the following simulations and (17), (28), (30), and (31). )
experiments, the proposed method (two-delay) is compared! € frequency responses from the disturbance toraje
with the Tustin (bilinear) transformation at the same inpdP the plant statg(¢) are also shown in Fig. 11(b), which
sampling period so that the calculation costs of the two systeffidicates that the longer the sampling period is, the poorer
may be equal and these comparisons may be fair. Therefcm?, disturbance r.EJeCt.IOIjl pgrformance is. Thgreforg, Fig. 11(b)
the output sampling period of the proposed method is twidglls us the practical limitations of the sampling period for the
as long as that of the Tustin transformation. proposed method.

Simulated and experimental results are shown in Figs. 9
and 10. In the very short sampling period (0.2 ms), we fifd: Disturbance Responses
the Tustin transformation and the proposed transformationThe simulation results of the time responses under the step
have almost the same time responses. However, in the Idngction type disturbances (5-M, ¢t>1 s) are shown in
sampling period (8 ms), as shown in Figs. 9 and 10(b), tirég. 12. In the short sampling period (0.4 ms), the redesigned
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Step Disturbance Response (Simulation) optimal intersample time responses and the smoothest control

0.1 — e inputs.
0.09 -/ The proposed method can be extended to be applicable to
0.08 the output-feedback-type problem, which will be presented at
0.07 the next opportunity.
= 0.06
g 0.05 1
> 004 ContinuousTime
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