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Abstract—A new digital redesign method is proposed for
feedback control systems, by which the states in the continuous-
time system are completely reserved in the redesigned sampled-
data system. The features of the proposed method are: 1) the
N-delay control is employed, and thelth plant input is changedNl

times during one sampling period; 2) the states of the redesigned
sampled-data system completely match those of the original
continuous-time closed-loop system at every sampling period; and
3) the proposed redesign method can be applicable for a static
state-feedback and/or a dynamic controller. An illustrative exam-
ple of position control using a dc servo motor is presented. The
advantages of the proposed redesign approach are demonstrated
both in the time and frequency domains.

Index Terms—Digital control, digital redesign, multirate sam-
pling control, N-delay control.

I. INTRODUCTION

OWING TO THE recent developments in computer and
interface hardware, digital controllers are usually utilized

for controlling robots or motors because of cost, reliability,
flexibility, compactness, and so on.

The digital redesign is a technique by which an analog
controller designed in continuous time is converted to an
equivalent digital controller [1]. It is, in general, very difficult
to let the states of the digital system match those of the original
continuous-time system.

Historically, one of the most popular digital redesign meth-
ods is the Tustin (or bilinear) transformation, in which an
-domain analog controller is transformed to a-domain

digital controller by

(1)

This approach is straightforward, and the stable poles of the
controller in the -domain are mapped inside of the unit circle
in the -domain. However, the closed-loop stability is not
assured. Therefore, in this approach, the feedback system may
become unstable if the sampling time is set too large.

In [1]–[3], the digital redesign methods based on the closed-
loop characteristics were developed. However, these attempts
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did not assure the closed-loop stability, because approxima-
tions were assumed for obtaining solutions of the digital
redesign (see Section II). In [4], the feedforward and feedback
gains are altered at every sampling period, so that the states
of the two systems match at the end of sampling periods.
The method in [4] is similar to the proposed method only in
some special cases. However, the number of times of gain
alternation, is redundant compared to the proposed method
in this paper.

The method in [1] was further investigated in [5], and a
different approximation was proposed for obtaining a solution
of the digital redesign, in which the closed-loop stability was
maintained. However, the transition matrices of the original
and approximately redesigned systems are not the same.
Furthermore, the methods in [1]–[5] have a limitation, in that
the original continuous-time controller must be of static state-
feedback type and all of the plant state variables must be
directly detected.

The other digital redesign methods for a dynamic controller
were developed in [6]–[8]. These methods tried to match
closed-loop frequency response approximately. However, be-
cause of using these approximations, the closed-loop stability
could not be assured [6], [7], or the solution of the digital
redesign could not be obtained in a large sampling period [8].

Multirate digital controls have been proposed for applica-
tions on the pole/zero assignment problem, strong stabilization,
simultaneous stabilization, adaptive control, and so on [9].
However, this paper makes the first attempt to apply the
multirate digital control to the digital redesign problem.

The purpose of the proposed method is to develop a new
digital controller from the analog controller so that all of
the states of the sampled-data closed-loop system completely
match those of the original continuous-time closed-loop sys-
tem at every sampling instance. Thus, the stability of the
closed-loop system is retained, and the transition matrices of
the two systems become identical. In the proposed method, the
multirate-input digital control is employed, and theth plant
input is changed times during one sampling period [10].
References [11] and [12] called this method N-delay control,
after [13]. The digital redesigned controller can be automati-
cally calculated following the proposed procedure. Moreover,
the redesign method for an observer is also presented, in which
the multirate-output digital control is employed. Therefore, the
proposed method can deal with the system even if a part of
the plant states is not directly detected. The proposed digital
redesign method is applicable both to a continuous-time static
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Fig. 1. Continuous-time state-feedback control system.

Fig. 2. Discrete-time state-feedback control system.

state-feedback controller and a dynamic controller.

II. PROBLEM OF DIGITAL REDESIGN

BY COMPLETE STATE MATCHING

In this section, we consider the problem of matching the
responses of an existing continuous-time system shown in
Fig. 1, with those of the discrete-time system shown in Fig. 2
for the same initial conditions. Consider the linear continuous-
time system described by

(2)

Also, let the continuous-time state-feedback control law be

(3)

The continuous-time closed-loop system becomes

(4)

and its sampled-data system with the sampling periodis

(5)

Consider the discrete-time system utilizing a zero-order hold
described by

(6)

where and
Letting the discrete-time state-feedback control law be

the discrete-time closed-loop system becomes

(7)

From (5) and (7), the digital redesign problem is to find the
discrete-time gain from the continuous-time gain so
that the equation

(8)

is satisfied. If the above condition is satisfied, the states of the
digitally controlled system in (7) completely match those of the
continuous-time system in (5) at every sampling periodThe

Fig. 3. Continuous-time control system.

existence of in (8), however, is not always guaranteed,
because the dimension of the input is generally less than that of
the state. Therefore, in [1] and [2], (8) is approximately solved
for , but, because of the approximation, the stability of the
obtained digital closed-loop system is not always assured, and
the time response is different from that of the continuous-time
feedback system.

III. D IGITAL REDESIGN BY N-DELAY CONTROL

In this section, a new digital redesign method by the
N-delay input control is presented, in which theth plant
input is changed times during one sampling period. The
introduction of the N-delay input control causes the increase
of the input dimension, thus, (8) can be solved without any
approximation. Moreover, the proposed method is applicable
either to a continuous-time dynamic controller or a static
state-feedback controller. The proposed method succeeds in
this generalization by the introduction of: 1) the closed-loop
augmented system consisting of the plant and the dynamic
controller and 2) the N-delay input control.

Consider the continuous-time plant described by

(9)

(10)

where the plant state the plant input
and the plant output As shown in Fig. 3, let
the continuous-time control law using a state-feedback and/or
dynamic controller be

(11)

where the dynamic controller’s output Let the
dynamic controller be represented by

(12)

(13)

where the dynamic controller’s state input
Let the controller’s input be given by

(14)

where the reference input is piecewise constant, i.e.,
for From (9) to (14), the

continuous-time closed-loop augmented system consisting of
the plant and the dynamic controller is represented by

(15)
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Fig. 4. N-delay input control.

where

(16)

and the sampled-data system for the sampling period
becomes

(17)

where

(18)

(19)

The redesigned digital control system is required for the exact
matching of the states at every sampling instant. In the N-
delay control, theth plant input is changed

times during one sampling period, as shown in Fig. 4.
are referred to as input multiplicities [10]. The

selections of the are made by the following condition:

(20)

where are a set of generalized controllability
indexes of which are introduced by authors of [14],
and which are defined as follows.

Definition 1: Generalized controllability indexes of
are defined as follows. If is a

controllable pair, linearly independent vectors can be
selected from

where Letting be a set of these
vectors, are defined by

(21)

(22)

In the case of the single-input plant this index
is simply the same number as the plant order
The above definition includes that of Kronecker invariants or
controllability indexes defined in [10].

The discrete-time plant using N-delay input control is given
by

(23)

where is the plant state, is the th plant
input for

and

(24)

(25)

As shown in Fig. 5, let the dynamics of the discrete-time
controller be

(26)

where the discrete-time dynamic controller’s state
Let the discrete-time control law be

(27)

From (23) to (27), the discrete-time closed-loop augmented
system is represented by

(28)

where

(29)

Comparing (17) and (28), if the following conditions are
satisfied, the states of the digitally controlled system
completely match the states of the continuous-time system

at every sampling period:

(30)

(31)
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Fig. 5. Discrete-time control system.

Here, the necessary and sufficient condition for solution of the
linear matrix equation is

(32)

Therefore, the necessary and sufficient conditions for the
existence of in (30) and (31) are given by

(33)

Concerning the matrix the next theorem is proved in
[14], if is the generalized controllability index. In the case
of the controllability index, it is also proved in [10].

Theorem 1: Let be a controllable pair. If the
input multiplicities satisfy for
for almost all and
almost all the matrix has full row rank, i.e.,

(34)

Because of this theorem, the row rank in (33) is full,
thus, (33) is satisfied. As a result, the existence of in
(30) and (31) is assured. Solving (30) and (31), the redesigned
parameters are given by

(35)

where is the generalized inverse of matrix [15].
Comments:1) if is a controllable pair, the sys-

tem, which is controlled by either a continuous-time dynamic
controller or a static state-feedback controller, can be always
redesigned in this method; 2) if the original continuous-time
system is stably designed, the redesigned system is assured
to be stable because the two transition matrices (30) become
identical. Moreover, (30) can guarantee the intersample sta-
bility [16]; and 3) the states of the redesigned sampled-data
system completely match those of the original continuous-time
closed-loop system at every sampling period, independent of
sampling period. Therefore, the proposed method is superior to
the conventional method, such as Tustin transformation, and
other methods [1]–[8].

Fig. 6. Continuous-time observer.

IV. DIGITAL REDESIGN FOROBSERVER

Because the redesigned control laws obtained in Section III
are state-feedback control, as shown in (26) and (27), all states
need to be detected directly. However, in the general case,
all states are not always detected directly, and the calculation
time delay may not be negligible. Therefore, in this section,
the discrete-time state observer is considered to feed back the
estimated plant state instead of the plant state

In this section, the digital redesign method for the state
observer which is based on the multirate-output sampling is
proposed by using the duality of the redesign method for the
controller.

Consider the designed continuous-time observer shown in
Fig. 6 for the continuous-time plant (9) described by

(36)

where the estimated plant state is Because the estimation
error of the continuous-time state becomes

(37)

The sampled-data system for the sampling periodis repre-
sented by

(38)

In the proposed method, the multirate-output sampling control
is employed, in which the th plant output is detected
times during one sampling period, as shown in Fig. 7, and
the discrete-time estimation errors completely match
the continuous-time estimation errors at every sampling
period. This period is also called the frame period [17]. This
control is a duality scheme of the N-delay input control, and
it is also called the M-delay output control. The selections of
output multiplicities are made by the following condition.:

(39)

where are a set of generalized observability
indexes of which are defined as follows.

Definition 2: Generalized observability indexes of
are defined as follows. If is an

observable pair, linearly independent vectors can be
selected from
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Fig. 7. M-delay output control.

where Letting be a set of these
vectors, are defined by

(40)

(41)

The discrete-time plant using N-delay input control and
M-delay output control is given by

(42)

(43)

where

(44)

(45)

and is the th plant output on

Using the intersampling outputs let the discrete-time
observer be

(46)

where the state of the discrete-time observer The
estimation error of the discrete-time state is represented by

(47)

Fig. 8. The position control with the disturbance observer.

where

(48)

Comparing (38) and (47), if the following condition is satis-
fied, the estimation errors of the continuous-time states
completely match those of the discrete-time states at
every sampling period:

(49)

From (32), the necessary and sufficient condition for the
existence of in (49) is given by

(50)

Concerning the matrix the next theorem is proved in [14],
if is the generalized observability controllability index. In
the case of the observability index, it is also proved in [17].

Theorem 2: Let be an observable pair. If the
output multiplicities satisfy for
for almost all and almost all the
matrix has full column rank, i.e.,

(51)

Because of this theorem, the column rankin (50) is full,
thus, (50) is satisfied. As a result, the existence ofin (49) is
assured. Solving (49), the redesigned parameters are given by

(52)

In this section, only the redesign method for a full-order
observer was presented. However, a minimum-order observer
can also be redesigned the same way as above [14].

V. ILLUSTRATIVE EXAMPLE

A. Digital Redesign of a Position Control System for a
DC Servo Motor with the Disturbance Observer

In this section, simulation and experimental results for
a position control system for a dc servo motor with the
disturbance observer are presented, as shown in Fig. 8.



106 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 4, NO. 2, JUNE 1999

(a) (b)

(c)

Fig. 9. Simulation results. (a) Position responses(Tu = 0:2 [ms]): (b) Position responses(Tu = 8 [ms]): (c) Control input responses(Tu = 8 [ms]):

In the experiments, a digital signal processor (DSP) (NEC:
32-b floating point) is used, and the 1/100 gear

ratio dc servo motor is driven by a 10-kHz switching fre-
quency MOSFET chopper. The pulse counter generates 1000
pulses/rev on the motor shaft (it becomes 100 000 pulses/rev
on the geared shaft), and the speed is detected through a 12-b
A/D converter by a tachometer [18].

In the design of the continuous-time controller, assuming
that the disturbance torqueis a step-function type, the plant
is represented by

(53)

where is angular position, is angular velocity, and is
the dc voltage of the motor terminal. Assuming the command

input to be a step-function type, the continuous-time control
law is given by

(54)

where
As shown in Fig. 8, the continuous-time disturbance

observer is also given by

(55)

where and
is the cutoff frequency of the low-pass filter.

The nominal values of the plant constants are

Also, the continuous-time control parameters are

First, the control law (54) is redesigned. Although
in (53) is not controllable, the conditions in (33)

are satisfied for input multiplicity From (35), the
redesigned control laws for are
obtained, as follows:
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(a)

(b)

Fig. 10. Experiment results. (a) Position responses(Tu = 0:2 [ms]): (b)
Position responses(Tu = 8 [mss]):

Second, the disturbance observer in (55) is redesigned the
same way as in Section IV. For the
discrete-time observer is obtained [14] by

(56)

where
and

B. Simulations and Experiments

Because the redesign system uses the two-delay input con-
trol, the output sampling period is twice as long as the
input sampling period In the following simulations and
experiments, the proposed method (two-delay) is compared
with the Tustin (bilinear) transformation at the same input
sampling period so that the calculation costs of the two systems
may be equal and these comparisons may be fair. Therefore,
the output sampling period of the proposed method is twice
as long as that of the Tustin transformation.

Simulated and experimental results are shown in Figs. 9
and 10. In the very short sampling period (0.2 ms), we find
the Tustin transformation and the proposed transformation
have almost the same time responses. However, in the long
sampling period (8 ms), as shown in Figs. 9 and 10(b), the

(a)

(b)

Fig. 11. Frequency responses. (a) Command responses(Gyr): (b) Distur-
bance responses(Gyd):

proposed method gives better performance than the Tustin
transformation. While the responses of the Tustin transforma-
tion are unstable, those of the proposed method are stable, and
exactly match the continuous-time responses.

The simulated time responses of the control input are shown
in Fig. 9(c), which indicates that the control input of the
proposed method is smooth in spite of using two-delay control.

C. Frequency Responses of the Closed-Loop Systems

The frequency responses from the command inputto the
plant state are shown in Fig. 11(a). In the wide frequency
band lower than the Nyquist frequency, the discrete-time
response redesigned by the proposed method matches
the continuous-time response That is guaranteed by
(17), (28), (30), and (31).

The frequency responses from the disturbance torque
to the plant state are also shown in Fig. 11(b), which
indicates that the longer the sampling period is, the poorer
the disturbance rejection performance is. Therefore, Fig. 11(b)
tells us the practical limitations of the sampling period for the
proposed method.

D. Disturbance Responses

The simulation results of the time responses under the step
function type disturbances (5 Nm, s) are shown in
Fig. 12. In the short sampling period (0.4 ms), the redesigned



108 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 4, NO. 2, JUNE 1999

(a)

(b)

Fig. 12. Responses under step-type disturbance (simulation). (a) Position
responses. (b) Estimation errors of disturbance.

system has almost as same performance as the continuous-
time system. However, as mentioned above [Fig. 11(b)], the
disturbance rejection performance becomes poor in the large
sampling period (16 ms).

The time responses of the disturbance estimation errors are
shown in Fig. 12(b). The estimation error of the discrete-time
observer which is obtained by the proposed method completely
matches that of the continuous-time observer at every sampling
period. Fig. 12(b) also assures that there is no offset between
the command input and the plant state

VI. CONCLUSION

New digital redesign methods, both for a controller and an
observer using N-delay control, were proposed. A position
control using a dc servo motor was selected for an example,
and simulations and experiments were performed, which indi-
cated that the proposed method had better performance than
that of the Tustin transformed digital controller. Moreover,
the disturbance rejection performance is considered both in
the time and frequency domains.

One of the remarkable advantages of the proposed method is
that the states of the sampled-data system completely become
equal to those of the continuous-time system, independent of
sampling period and, as a result, the stability of the redesigned
system is assured. The choice of (a parameter of the
input sampling period) should be further investigated for the

optimal intersample time responses and the smoothest control
inputs.

The proposed method can be extended to be applicable to
the output-feedback-type problem, which will be presented at
the next opportunity.
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